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Chapter 8: Second-order circuits

BACH KHOA

l. Introduction
» In the previous chapter, we considered circuits with a single storage element (C

or L). Such circuits are first-order because the differential equations describing

them are first-order.

» In this chapter, we will consider circuits containing two storage elements (known
as second-order circuits).
» A second-order circuit is characterized by a second-order differential equation. It

consists of resistors and the equivalent of 02 energy storage elements.

» There are three kinds of second-order circuits: — NN —
% Two storage elements of different type: L and C @VS Rs
% Two storage elements of one type: L or C | C

* An op amp circuit with 02 storage elements Series RLC cireuit
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l. Introduction v 5 v 5
Rl R2
» The analysis of second-order will be similar to that C)VS §L1 L2§
used for first-order: J |
RL circuit
¢ First, consider circuits that are excited by the initial B
conditions of the storage elements - source free @ e =l
-/ Vs
circuitss give natural responses. C) C)
RC circuit
s Second, with independent sources, Ff/\
|
circuits will give both the nature —/
—Ban—1 B, 4 ;
response and the forced response. 3 —
+ Cl
- <>

Op amp with 2 storage element
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Chapter 8: Second-order circuits

BACH KHOA

Il. Finding initial and final values

» The major problem in handing second-order circuits is finding the initial and final

conditions on circuits variables:

/

s Easy to get the initial and final values of v and i

/

«»» Difficulte to find the initial values of their derivatives: dv/dt, di/dt

» 02 key points in determining the initial conditions:

/

% First, carefully handle the polarity of voltage v (1), and the directions of 7, (7)

/

% Second, keep in mind that v (1), i, (1) are always continuous:
VC(+O) = \/C(_O) ; iL (+0) = iL (-0)
where:
t = 0: the time that the switching event takes place
= -0: the time just before a switching event

t = +0: the time just after a switching event
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Il. Finding initial and final values

Ex 8.1: The switch has been closed for a long time, and !
opens at t = 0. Find i(+0), v(+0), di(+0)/dt, dv(+0)/ds, i(=), ()i
V()

» t=-0: The circuit has reached DC steady state, so L acts
like a short circuit, C acts like an open circuit R, Ls OO00—

12 . -
—2A,  V-0)=2i(-0)=4V ot

i(~0) =

» As v.(t) and i; (1) cannot change abruptly

Vo(+0) = v, (-0) =4V ; i, (+0) =i, (~0)=2A
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Il. Finding initial and final values

Ex 8.1: The switch has been closed for a long time, and i
opens at t = 0. Find i(+0), v(+0), di(+0)/dt, dv(+0)/dt, i(), C)
V()

12V

av, adv,(+0) i.(+0) 2

> t=+0: i, =C—C - = == =20V/s
df o C 01 |
> Applying KVL: Jjgi@@po-
+ vy -
-12+4i(+0)+ v, (+0)+ v, (+0)=0—> v, (+0)=0 A at]
/ —/ 12V IF
L di(0) v (0) o, )

dt L

» t > 0: the circuit undergoes transience

> > oo: Circuit reaches steady state again: /() =0A, V(wo)=12V
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Chapter 8: Second-order circuits

Il. Finding initial and final values « R
Ex 82: Find i,(+0), vo(+0), vp(+0), di,(+0)/ds, A
|3u®4 + Cl—~ VYc )
dv(+0)/dt, i, (), v-(0), Vi(©) ~ $R1 05F| - L %
L 2Q

= : = i + 0,6H )
> Fort=<0:3.u(t) =0 onv i
» At t =-0: Circuit has reached steady state L‘l'

i, (<0)=0, v4(~0)=0, v(-0)=—-20V
» Fort>0:3.u(t) = 3. Since i, and u, cannot change abruptly

i, (+0)=i,(-0)=0, V,(+0)=v,(-0)=-20V

V.(+0) v, (+0)

RR + ORz - V(+0)=v,(+0) =4V
» Apply KVL to the middle mesh: X
~Vo(+0) + v, (+0) + v, (+0) + 20 = 0—L2=2Y 5y (4+0) = v, (+0)

> Apply KCL at node a: 3=

Fundamentals of Electric Circuits — Viet Son Nguyen - 2013



Chapter 8: Second-order circuits

ll. Finding initial and final values a R b
Ex 82: Find i, (+0), vo(+0), ve(+0), di, (+0)/dt, MR
[3uma 4 " 13~ Ve +)

dv(+0)/dt, i, (), v-(0), Vi(©) AN $R1 05F| - L)

i, (+0) _ v, (+0) N o113

. . . L . . )
» Since L.di;/dt=v, — ra— sz i:l,
» Applying KVL in the right mesh gives: 0 d i
_|_
vV, (+0)=v,(+0)+20=-20+20=0 > —— d,(+0) =0
V5 (+0)

=i (+0)+ i, (+0) —2{*2

> Apply KCL at node b: GO

(@] NN
A 4
——

)
—~~
_I_
o
~
Il
—

_)dvc(+0):/C(+O): 1 _oV/s
at C 0,5

» Apply KCL to node a, and taking the derivative of each term and setting t = +0:
V., V dv.(+0) av,(+0
3R, %0 y0=2 R( )+ o( )

R R ot ot
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Chapter 8: Second-order circuits

BACH KHOA

lll. The source-free series/parallel RLC circuit
lll.1. The source-free series RLC circuit

» An understanding of the natural response of the series RLC circuit is a

necessary background for future studies in filter design and communications

networks. LYW VAN
—>
» Consider the series RLC circuit that is excited by the 310 V+——C
i 0T
energy initially stored V,, and I, -

> Att=0: V(0) _—j/dt— 4 i(O):IO

di i Rdi 1.
> Applying KVL to the | R+L—+— idt =0<>—+— =0
Ppiing VL fo the foop: j [o/t2 Ldt LC }

» To solve a second-order differential equation it requires 02 initial conditions:

% i(+0) and i’(+0), or
s i(+0) and v(+0)
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Chapter 8: Second-order circuits

lll. The source-free series/parallel RLC circuit
lll.1. The source-free series RLC circuit

di(O di(O 1
> First, we find i'(+0): R(0)+ L9, V, = 090 _ -—(Ry+ V)
dt at L
R
> The solution of the second-order equation is: i = A.€* w ’mmT
_ Iy 1
» Substituting the solution into the equation has: :) Can

As’e” +%?Se“ LI

0 2
__ R (RY_ AV _ a2 . _R
5= 2L+\/(2Lj [c~ ATNET@ @5,

—>Ae“(sz+st+LiC]:0—>< :
N J R R 1 o = —
characteristice equation kSl = _Z_ \/(Zj _L_C =70 T a® - Cf)g ° JLC

/

% roots s, and s, are called natural frequencies [Np/s]

/

% . resonant frequency (un-damped natural frequency, or damping factor)
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Chapter 8: Second-order circuits

lll. The source-free series/parallel RLC circuit

L
lIl.1. The source-free series RLC circuit w— VI —

S z—a—\/az—wz 2L LC
0

» There are three types of solutions:

/7

% If a > w,  over damped case

o/

% If a = w,: critically damped case

o/

% If a < w,- under damped case

» 02 values of s show that there are 02 possible solutions for i
ii=A.e", i,=A.">ilt)=A.e"+A.e*

A,, A, are determined from the initial values i(0) and di(0)/dt.
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lll. The source-free series/parallel RLC circuit

lI.1. The source-free series RLC circuit

» Over damped case o > w, 2 s, and s, are negative and real.

[i(t) Aty Az.eSz"]

Response decays and approaches zero as t increases.

» Critically damped case a = w,

[i(t) = (A.t+ AZ).e‘“tJ

Response reaches a maximum value at 1 = //a, and then

decays all the way to zero.
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i) A

fir) &

A typical over damped
response

l
o

A typical critically damped
response
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Chapter 8: Second-order circuits

BACH KHOA

lll. The source-free series/parallel RLC circuit
lll.1. The source-free series RLC circuit

» Under damped case a < w,:
S = —a+\/—(a)§ —az)

2 2
S = —a—\/—(a)o -« )
ifr) &

The natural response is: ’\ S eiac
Z s

[i(l‘):e—m‘(B1 COSa)dt+BZSina)dt)] 0 \ . ﬂu t

—a + o, o, damped natural frequency
—> <

—a—jw, ©, un-damped natural frequencies

2

A typical under damped response

* The natural response is exponentially damped and oscillatory in nature.

% The response has a time constant of //o and a period of 7' = 27/,
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Chapter 8: Second-order circuits

BACH KHOA

lll. The source-free series/parallel RLC circuit
lIl.1. The source-free series RLC circuit
> Notes:

» Damping effect is due to the presence of R

‘0

* Damping factor o determines the rate at which the response is damped:
d o= 0: having LC circuit with 1/+/LCas the un-damped natural frequency
d o <o, response is not only damped but also oscillatory.

* By adjusting R, response may be made un-damped, over damped, critically

damped, or under damped.

» Oscillatory response is possible due to the presence of L, C: They allows

the flow of energy back and forth.

s The critically damped case is the borderline between the under damped and

over damped cases.
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lll. The source-free series/parallel RLC circuit R 1= R3 60
— VW 0~ o AN

Il.1. The source-free series RLC circuit % Lt L
Ex 8.3: Find (1) in the circuit. Assume that the circuit (g e 3

S R2 0,5H)
has reached steady state at ¢ = -0. 3Q T |
» Fort<0: i(0)= 19 =1A ; V0)=i.R =6V

| R+k |

» Fort> 0: Source — free series RLC circuit

** The roots:

9 1 .
a=2&z:2.0,5:9, wy=—7—=10, s,=-at a’—af =-9+ j4,359

% The response is under damped: i(t)=¢"" (A cos4,359t + A, sin4,359t)
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Chapter 8: Second-order circuits

lll. The source-free series/parallel RLC circuit

lll.2. The source-free parallel RLC circuit

v 1L av v 1 av 1
> Applving KCL: —+— | vdt+C—=0—> + + v
PPYING - R L J@ o d? RCat LC

i st -0
RC

LC
1 1 1 2 2
7 Sz 2RC_\/£2RCj R
JLC

< Over damped (o > @,): [v(t) = A1esqt + AzeSZtJ

% Critically damped (2 = @) {V(t) - (A Ade” }

/7

% Under damped (@ <a@,): S,=-a*jo, o,=+0;-a

[ Wt)=e (A cosa,t+A sina)dt)]
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A
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/1

A, ,: determine
from the initial
conditions: v(0),

dv(0)/dt
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lll. The source-free series/parallel RLC circuit

lll.2. The source-free parallel RLC circuit R %w“r}?rfn—
30 |,_g . cl+"

Ex 8.4: Find v(t) for t > 0 in the RLC circuit C)m K% 50Q 20uF]| _

» When t < 0: The switch is opened.

v(0) = R 40=25V, i(0)=— 40 =—-0,5A
R+K R+K
» Att=0: Applying the KCL gives:
ﬂ+—j vat + Cdv(O) @+I(O)+Cdv(o) 0

_, d10) __M0)+R(0) __25-5005_
ot RC 50.20.10°°
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lll. The source-free series/parallel RLC circuit RI <«
- 6\4&?(\(\
lll.2. The source-free parallel RLC circuit 0 J V-1 L
()40\/ )?’ 50Q 20uF| -
Ex 8.4: Find v(t) for t > 0 in the RLC circuit
> Whent > 0: The switch is closed. « = L =500, w, = L =354
2RC JLC
=-854
S, = —at\Ja’-wf > {2 148 >t =Ae®™ + Aeg ™
Att=0 oy e A =516
=0 —
—d‘;(f) =—-854A —146A, =0 A, =30,16

» The complete solution:
V(t) = —5,16e** + 30,166 'V
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Chapter 8: Second-order circuits

. . . l .
IV. Step response of a series/parallel RLC circuit %{0 R:W— L s

IV.1. Step response of a series RLC circuit A +
v 50Q v L
» Fort> 0: Applying KVL around the loop )
. 2
L=+R+v=V, d V+de+ v _ 2 v, (¢): natural response
4 —>d* Ld LC LC
j = CFV v(t) =v (1) +Vv,(t) v¢(t): forced response
t
< Over damped: [V(t) =V, +Ae" + Azeszt] A, ,: determine

from the initial
s Critically damped: [V(t) = Vs+(A1 + AZt) e ]

conditions: v(0),

/

& Under damped: [v(t) = V;+(A cosa,t+ A sinot)e™ ] dv(0)/dt
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IV. Step response of a series/parallel RLC circuit

IV.1. Step response of a series RLC circuit I I
Ex 8.5: Find v(z) and i(z) for t > 0 in the case of the i osi]. 193
different values of R, = 6Q, 4Q), 10 (
> R1=5ﬂ o4 0[:%:2,5

% Fort=0: i(0)= =4A, V0)=1.i(0)=4V —>1 1
R+R _ La)O:—TC=2

— S, =—at,a’ —a)o —>{:2 : 4
& Fort>0:Ut)=v,+Ae'+Ae* =24+ Ae'+Ae™
o Att=0:V0)=24+A+A =4>A+A =-

av(t) _
i(t)= FZC(—A t 4Aze4t)_>’ =C(-A-4A,)=4
_ 4 St 4t dv_4,. o
—>v(t)—24+§(—16e +e“)V  —i(t)= 05_3(4 e*)A
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IV. Step response of a series/parallel RLC circuit

IV.1. Step response of a series RLC circuit I I
Ex 8.5: Find v(z) and i(#) for t > 0 in the case of the o osi]. 192
different values of R, = 6Q, 4Q), 10
> R, =40 R _,
% Fort=0:i(0)= R2+4Rz — 4,54 V(0)=1i(0)=4,5V - 21L
La)o = ﬁ =2

% Fort>0:Ut)=v, +(A+At)e* =24+ (A +At)e”

% Att=0: 0)=24+A =45->A =-195

dv(t)

i(t) = C(—2A -2tA, + A))e? —i(0)= C(—2A + A)= 4,5 A, =57

> Ut)=24+(-19,5+57t)e %V —i(t)= c%t/—(4 5-28,5t) % A
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IV. Step response of a series/parallel RLC circuit

IV.1. Step response of a series RLC circuit H o+
. ) ) (+>24V —_— 10 $R2
Ex 8.5: Find v(t) and i(z) for t > 0 in the case of the - 0,5F | - 3
different values of R, = 6Q, 4Q), 10
> R1=1Q a:ﬁ:O,S

24

% Fort=0: i(0)= —12A: V(0)=1.i(0) =12V —> -

2L
R+R o1
—>S|,2:—ai\/a2—a)§ =-0,5% j1,936 : JLC
% Fort> 0: V(t) =24+ (A cos1,936t+ A, sin1,936t)e >
o Att=0 (0)=24+ A =125 A =-12
1) _ e (—1,936A sin1,936t + 1,936 A, cos1,936t) — 0,5¢ ™ ( A cos1,936t + A, sin1, 936t )

dt
dv(0)
dt

v(t) =24+ (9,3sinwt —12cosw,, )e >V i(t) =(18,582sin w,t +24cos w,t)e > 4
22

%

=1,9364,-0,54, :%:24—> 4,=9,3
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Chapter 8: Second-order circuits

IV. Step response of a series/parallel RLC circuit ’lL R
IV.2. Step response of a parallel RLC circuit EY e y o=
T 3% ) -
» Applying KCL at the top node fort >0 J
_ g 2 s . .
1+i+Cﬂ/:IS a >d;+ 1a, 7 _ T
- RCdt RC LC

i (t): natural response

2 IO=LOFO 0 ). forced response

A, 5. determine from

o% . ] = Sit !
* Over damped: ['(f) Is+Ae™ + Ag ] the initial conditions:

< Critically damped: [i(l‘) =Is+(A+At)e™ ] i(0), di(0)/dt

< Under damped: [i(t)=/s+(A1 CoswdHAZSinwdt)e_at]
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IV. Step response of a series/parallel RLC circuit ,_ OQ/” R2 200
IV.2. Step response of a parallel RLC circuit ! " K N
Ex 8.6:Find i(z),ixt) fort>0 :1\4::,4 % 2o 20£2§R1 s . V3Ou(—t)CV+)
(i(0) = 4A |
» Fort<0: < (0) = R 30-15V s di(0) _ v(0) 0,75
R+R a L
> For t > 0: We have a parallel RCL circuit with current source R= RRJF@I'?Z =10Q2
“:2;(;:6’25 - 11,978
1 — s, =—at o’ - > {S‘ j 0 ,5218 —i(t)=1, +Ae " + A g%
Wy =——==2,5 =Y
JLC _
i(0)=4=4+A+A > A=-A A = —0.0655
» Att=0: 4 di0) —
— 5~ 11978A -052184, =075 | A, =0.0655
I(t) — 4_|_ 0.0655(6_0'5218t . e—11.978t)A IR(t) — % L% — 0, 7856—11,978t _ O, 03426—0,5218tA
24
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Chapter 8: Second-order circuits

V. General second order circuits

» Give a second order circuit, the step response x(?) (current or voltage) can be

determined by taking the following 5 steps:

/7
0.0

Determine the initial conditions x(0) and dx(0)/dt and the final value x(x)

Find the natural response x (1) (with 2 unknown constants) by turning off

independent sources and applying KCL and KVL.

Obtain the forced response as: x,(1) = x(«)

The total response is the sum of the natural response and forced response
x(f) - xn(v + xf(t)

Determine the 2 unknown constants by imposing the initial conditions x(0)

and dx(0)/dt.
25

Fundamentals of Electric Circuits — Viet Son Nguyen - 2013




Chapter 8: Second-order circuits

BACH KHOA

L
V. General second order circuits AN
H > 40 |y
Ex 8.7: Find the complete response v and i for t > 0. 20
> Find the initial and final values: (D L
0,5F
v(—O):12V_) v(+0) = v(-0)=12V t:?\j
i(-0)=0 i(+0)=i(-0)=0 J
Applying KCL.: ,
i(+0) =i, (+0)+ XY i (1oy=—6a— MO 1) 4oy
R dt C
. 12 :
[(o0) = R+R =2A, V(w)=2.i(0)=4V=v()
» Find the natural response: Turn off the voltage source, and apply KCL, KVL
i~ +CZI‘t/ IV 5% 6y=0
J S g =y v (t)= Ae* + Be™

4i+L%+v:O s +5s+6=0
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Chapter 8: Second-order circuits

BACH KHOA

L R1
O AA—a

V. General second order circuits H > 40 |
2Q

@

Ex 8.7: Find the complete response v and i for t > 0. @12\/

™|
/1

» The complete response is: ,
t)=v (1) +v,(t)=4+ Ae* + Be™

I
._%
=
N

» Imposing the initial condition gives:

A+B=8 A—12
N N _ 2t 43t
MO _ oy ap 1o {82_4 SUt)=4+126% —46*V, t>0
at
.V av ot _3t ot _3t )¢ _3t
j=—+C t:2+6e -2 —12¢“ +6e” =2-6€e“ +4e7 A, t>0
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Chapter 8: Second-order circuits

V. General second order circuits AR RL

VWA
e seeo T T
Ex 8.8: Find v, fort> 0 <+>7u(t)v . ) y 3R 30,2H
: = g "1IQ

» Obtain the initial and final values of 2 currents
For t<0: 7u(t)=0—i,(-0)=0=14,(-0)
i(+0)=10,(-0)=0, i,(+0)=1i,(-0)=0
~ V,,(+0) = v, (+0) = R [i,(+0) —i,(+0)] = 0

» Applying KVL to the left loop at t = +0 ;
d’go) = "L“ ~14V/ s
7= Ri (+0)+ v, (+0) + v, (+0) > v,,(+0) =7V > 1
diy (£) _ Vi -0
: : / dt L,
> Ast D oo: (o) =1,(0) =§ =2,33A
( : : ai, ”
> Applying KVL to 2 meshes J (R+ R\ =R+ L at 0 CZﬂZ 13d—l+301 =0
to find natural responses: R(i,—i)+L, % ~0 £ 1135+30=0
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Chapter 8: Second-order circuits

V. General second order circuits AR RL

VWA
e seeo T T
Ex 8.8: Find v, fort> 0 C+>7u(t)V . ) y 3R %O,2H
_ - g "1IQ

-3
32+13S—|—30:O_){Sj'_ 1O_>i1n:Ae_3t+Be_1Ot

— i (t)y=1i, +i,=2,33+ Ae” + Be

» Imposing the initial condition gives:
{A+ B+2,33=0 {A:—1,33

N —i(t)=2,33-1,33¢¥ —¢ A
_3A-10B=14 B=—1

» Applying KVL to loop
7-ai -+ L9 i 7441, % 233-3336% 46 ™A
ot ot
> V(t)= R[i,(t)-i,(t)] =2(e* -6 ) A
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Chapter 8: Second-order circuits

BACH KHOA

V. General second order circuits . IC(Z 1004F
Ex 8.9: Find v,(t) fort >0 I0kQRI ] ,I\RA%AJOkQ Vi
) <~ —> ) 7y .
> Applying KCL: ® v, V+ £\ 20uF ’_3:I>é‘
VsV, dV2 Vi—V, T0u(t) mv w Vo
At node 1: =G, - + R .
— dv, -
Atnodez:u:q% -V, =V, +RC —2
R ot ot
LM% Vs~V =C %4_ C %
R ot dt

d’y, 1 1 )dy, v, Vs d’v, . dv,
— =2+ + + = —>—+2
d# |RC, RC,/d RRCC, RRCC, _ df ° d

+ 9V, =dvg

» For the natural response, turning off the source: S +2s+5=0— S,=-1+/2

— Vp,(t) =€ (Acos2t+ Bsin2t)
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Chapter 8: Second-order circuits

BACH KHOA

. . C2
V. General second order circuits - | (L00ur
v,

Ex 8.9: Find v,(t) fort >0 I0kQRI ] TRAZM{OkQ

4
L |
> As 1200 Y(%0) = () = Vs > Yoy = Wo(e) = 10mV 1 e@éﬁ”ﬁ&*
S 0 Cl Vo

> The complete response is: omy -
— V(1) =y, + v, =10+ € (Acos2t + Bsin2t) =
» Find initial conditions:
V,(+0) = v,(+0)=0 -
V,(-0)=v,(-0)=0 — 1(+0) = v, (+0) IR dVo(+0)_ v, — v, 0

V,(+0) = v,(+0) + v, (+0) = 0 ad¢  RC,

V,(+0) =10+ A=0—> A=-10

T1ME0) Ao 0Bo5

» The complete response becomes:
— V,(t)=10-¢e"'(10cos2t + 5sin2t) mV
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Chapter 8: Second-order circuits

BACH KHOA

VI. Applications

» Practical applications of RLC circuits are found in control and communications

circuits, for examples:
* Ringing circuits
¢ Peaking circuits
+ Resonant circuits
s Smoothing circuits
s Filters

s Automobile ignition

» Most of the circuits cannot be covered until we treat AC sources.
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